Introduction. In [AEE] , a theory of crossed products of C * -algebras by Hilbert C * -bimodules was introduced and used to describe certain deformations of Heisenberg manifolds constructed by Rieffel (see [Rf4] and [AEE, 3.3] ). This deformation consists of a family of C * -algebras, denoted D The bimodule denoted byM is the dual bimodule of M, as defined in [Rf1, 6.17] .
By an isomorphism of left (resp. right) Hilbert C * -modules we mean an isomorphism of left (resp. right) modules that preserves the left (resp. right) inner product. An isomorphism of Hilbert C * -bimodules is an isomorphism of both left and right Hilbert C * -modules. We recall from [BGR, 3] that Pic(A), the Picard group of A, consists of isomorphism classes of full Hilbert C * -bimodules over A (that is, Hilbert C * -bimodules M such that M, M L = M, M R = A), equipped with the tensor product, as defined in [Rf1, 5.9] .
It was shown in [BGR, 3.1] that there is an anti-homomorphism from Aut(A) to Pic(A) such that the sequence
is exact, where Gin(A) is the group of generalized inner automorphisms of A. By this correspondence, an automorphism α is mapped to a bimodule that corresponds to the one we denote by A α −1 (see below), so that α → A α is a group homomorphism having Gin(A) as its kernel.
Given a partial automorphism (I, J, θ) of a C * -algebra A, we denote by J θ the corresponding ( [AEE, 3.2] ) Hilbert C * -bimodule over A. That is, J θ consists of the vector space J endowed with the A-actions:
The map m ⊗ j → mj, for m ∈ M, j ∈ J, identifies M θ with the vector space MJ equipped with the A-actions:
and the inner products x, y
, where m ∈ M, j ∈ J, x, y ∈ MJ, and a ∈ A.
As mentioned above, when M is a C * -algebra A, equipped with its usual structure of Hilbert C * -bimodule over A, and θ ∈ Aut(A) the bimodule A θ corresponds to the element of Pic(A) denoted by X θ −1 in [BGR, 3] , so we have
In this section we discuss the interdependence between the left and the right structure of a Hilbert C * -bimodule. Proposition 1.1 shows that the right structure is determined, up to a partial isomorphism, by the left one. By specializing this result to the case of full Hilbert C * -bimodules over a commutative C * -algebra, we are able to describe Pic(A) as the semidirect product of the classical Picard group of A by the group of automorphisms of A.
Proof : Let Φ : M −→ N be a left A-Hilbert C * -module isomorphism. Notice that, if m ∈ M, and m = 1, then, for all m i , m ′ i ∈ M, and i = 1, ..., n:
Therefore:
Set I = N, N R , and J = M, M R , and let θ : I −→ J be the isometry defined by
which shows that θ is an isomorphism.
Besides, Φ : M θ −→ N is a Hilbert C * -bimodule isomorphism:
Finally, Φ is onto because
Q.E.D. Proof : Let θ be as in Proposition 1.1, so that Φ : M θ −→ N is a Hilbert C * -bimodule isomorphism. If Φ preserves the right inner product, then θ is the identity map on M, M R and M θ = M.
If Φ preserves the right action of A, then, for m 0 , m 1 , m 2 ∈ M we have:
so Φ preserves the right inner product as well.
Q.E.D. Proof : First recall that any A-linear map
wher ξ m,n : M −→ N is the compact operator (see, for instance, [La, 1] 
and n ∈ N, which is adjointable. Let T : M −→ N be an isomorphism of left modules, and set
We next discuss the Picard group of a C * -algebra A. Proposition 1.1 shows that the left structure of a full Hilbert C * -bimodule over A is determined, up to an isomorphism of A, by its left structure. This suggests describing Pic(A) in terms of the subgroup Aut(A) together with a cross-section of the equivalence classes under left Hilbert C * -modules isomorphisms. When A is commutative there is a natural choice for this cross-section: the family of symmetric Hilbert C * -bimodules (see Definition 1.5). That is the reason why we now concentrate on commutative C * -algebras and their symmetric Hilbert C * -bimodules.
Proof : We first prove the proposition for m = n, the statement will then follow from polarization identities. 
Conversely, let A = C(X) be as above, and let p : X −→ Proj(M n (I C)) be a continuous map, such that rank p(x) ≤ 1 for all x ∈ X. Then A n p is a Hilbert C * -bimodule over A for its usual left structure, the right action of A by pointwise multiplication, and right inner product given by:
for m, r ∈ A n p, a ∈ A, and where τ is the usual A-valued trace on
To show the compatibility of the inner products, notice that for any T ∈ M n (A), and x ∈ X we have:
Besides, A n p is symmetric:
Therefore, by Remark 1.7, if p, q ∈ Proj(M n (A)), the Hilbert C * -bimodules A n p and A n q described above are
isomorphic if and only if p and q are Murray-von Neumann equivalent. Notice that the identity of K(
, that is, the characteristic function of the set {x ∈ X : rank p(x) = 1}. Therefore A n p is full as a right module if and only if rank p(x) = 1 for all x ∈ X, which happens in particular when X is connected, and p = 0. 
Q.E.D.
We now turn to the discussion of the group Pic(A) for a commutative C * -algebra A. For a full Hilbert C * -bimodule M over A, we denote by [M] its equivalence class in Pic(A). For a commutative C * -algebra A, the group Gin(A) is trivial, so the map α → A α is one-to-one. In what follows we identify, via that map, Aut(A) with a subgroup of Pic(A).
Symmetric full Hilbert C * -bimodules over a commutative C * -algebra A = C(X) are known to correspond to line bundles over X. The subgroup of Pic(A) consisting of isomorphism classes of symmetric Hilbert C * -bimodules is usually called the classical Picard group of A, and will be denoted by CPic(A). We next specialize the result above to the case of full bimodules. 
and inner products
, and 
∈ CPic(A) and α ∈ Aut(A) are such that M ∼ = S ⊗ A α , then S and M s are symmetric bimodules, and they are both isomorphic to M as left Hilbert C * -modules. This implies, by Remark 1.6, that they are isomorphic. Thus we have:
which implies ( [BGR, 3.1] ) that θα −1 ∈ Gin(A) = {id}, so α = θ, and the decomposition above is unique.
It only remains to show that CPic(A) is normal in Pic(A), and it suffices to prove that [A α ⊗S ⊗A α −1 ] ∈ CPic(A) for all [S] ∈ CPic(A), and α ∈ Aut(A), which follows from Remark 1.11.
Q.E.D. Notation 1.13 If α ∈ Aut(A), then for any positive integers k, l, we still denote by α the automorphism of M k×l (A) defined by α[(a ij )] = (α(a ij )). Lemma 1.14 Let A be a commutative unital C * -algebra, and p ∈ Proj(M n (A)) be such that A n p is a symmetric Hilbert C * -bimodule over A, for the structure described in Example 1.
and
so the definition above makes sense. We now show that J is a Hilbert C * -bimodule isomorphism. For m ∈ A α , n ∈ A α −1 , x ∈ A n p, and a ∈ A, we have:
which shows, by Corollary 1.2, that J is a Hilbert C * -bimodule isomorphism.
Q.E.D. 
Proof : We then have that K( A M) is unital so, in view of Proposition 1.3 we can assume that M s = A n p with the Hilbert C * -bimodule structure described in Example 1.8, for some positive integer n, and p ∈ Proj(M n (A)). Since p and α(p) are homotopic, they are Murray-von Neumann equivalent ( [Bl, 4] ). Then, by Lemma 1.14 and Example 1.8, we have
Q.E.D.
We turn now to the discussion of crossed products by Hilbert C * -bimodules, as defined in [AEE] . For a Hilbert C * -bimodule M over a C * -algebra A, we denote by A× M Z Z the crossed product C * -algebra. We next establish some general results that will be used later.
Notation 1.16 In what follows, for
Proof : Let i A and i M denote the standard embeddings of A and M in A× M Z Z, respectively.
for a ∈ A and m, m 0 , m 1 ∈ M. Analogous computations prove covariance on the right. By the universal property of the crossed products there is a homomorphism from A×M Z Z onto A× M Z Z. SinceM = M, by reversing the construction above one gets the inverse of J.
, where the sets M and α(M) are identified as in Remark 1.11. Then (j A , j α(M ) ) is covariant for (A, α(M)):
for a ∈ A, m, m 0 , m 1 ∈ M, and analogously on the right. Therefore there is a homomorphism
whose inverse is obtained by applying the construction above to α −1 .
Q.E.D.
2 An application: isomorphism classes for quantum Heisenberg manifolds.
For µ, ν ∈ IR and a positive integer c, the quantum Heisenberg manifold D c µν ([Rf4] ) is isomorphic ( [AEE, Ex.3.3] ) to the crossed product C(T 2 )× (X c ν )α µν Z Z, Proof : By Theorem 1.12 we have:
Pic(C(T 2 )) ∼ = CPic(C(T 2 ))× δ Aut(C(T 2 )).
If we identify CPic(C(T 2 )) with Z Z as above, it only remains to show that α(M c ) ∼ = M detα * ·c . Let us view α * ∈ GL 2 (Z Z) as above. Since α * preserves the dimension of a bundle, and takes C(T 2 ) (that is, the element (1, 0) ∈ Z Z 2 ) to itself, we have α * = 1 0 0 detα * Now, α * (M c ) = α * (1, c) = (1, detα * · c) = M detα * ·c .
Since there is cancellation in the positive semigroup of finitely generated projective modules over C(T 2 ) ( [Rf3] ), the result above implies that α * (M c ) and M detα * ·c are isomorphic as left modules. Therefore, by Remark 1.7, they are isomorphic as Hilbert C * -bimodules .
Q.E.D. Proof : If (µ, ν) and (µ ′ , ν ′ ) belong to the same orbit under the action of GL(2, Z Z), then α µ ′ ν ′ = σα µν σ −1 , for some σ ∈ GL(2, Z Z). Therefore, by Lemma 2.1 and Proposition 1.17: 
